CONCERNING THE STRAUSS CONJECTURE ON 
ASYMPTOTICALLY EUCLIDEAN MANIFOLDS 



CHENGBO WANG AND XIN YU 



Abstract. In this paper we verify the Strauss conjecture for semilinear wave 
equations on asymptotically Euclidean manifolds when n = 3,4. We also give 
an almost sharp lifespan for the subcritical case 2 < p < p c when n = 3. The 
main ingredients include a Keel-Smith-Sogge type estimate with < fi < 1/2 
and weighted Strichartz estimates of order two. 
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1. Introduction and Main Results 

This paper is devoted to the study of the semilinear wave equation on asymp- 
totically Euclidean non-trapping Riemannian manifolds with small initial data. In 
particular, we verify the Strauss conjecture in this setting when n — 3, 4 and p > p c . 
Moreover, we obtain an almost sharp lifespan for the solution when 2 < p < p c and 
n = 3. 

In the Minkowski space-time, this problem has been thoroughly studied. The 
work on global existence part (i.e. p > p c ) is initiated by John [10] for n = 3 
and ended by Georgiev, Lindblad and Sogge [5j and Tataru [T5]. It is known that 
p > p c is necessary for global existence, even with small data, see [16] , [20] , [23] and 
reference therein. Moreover, when n = 3 and p < p c , the sharp lifespan is known 
in Zhou [22] (see also [14] for lower bound of the lifespan p < p c and n > 3, and 
[24] for upper bound of the lifespan when p < p c and n > 3). 
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When dealing with semilinear wave equations, we know that the Keel-Smith- 
Sogge (KSS) estimate plays an important role, which is originated by Keel, Smith 
and Sogge [TT] and states that 

(log(2 + r))- 1 / 2 ||(x)- 1 / 2 u'|| L2([0iT]><R 3 ) <|| u '(0, OIU'CR") + / \\F{s, -)\\ L 2 m ds, 

Jo 

where u solves the equation \3u — F and u' = (dtu,d x u). This estimate has been 
generalized for general weight of form (x)~ a with a > (see [9] and references 
therein). 

Recently, Bony and Hafner [2] obtained a weaker version of the KSS estimates 
for asymptotically Euclidean space when the metric is non-trapping. With this 
estimate, they were able to show the global and long time existence for quadratic 
semilinear wave equations with dimension n > 4 and n — 3. Then Sogge and Wang 
[17j proved the almost global existence for 3-D quadratic semilinear equations by 
obtaining the sharp KSS estimates for a = 1/2. Together with the KSS estimates, 
they also proved the Strauss conjecture for n = 3 and p > p c with spherically 
symmetric metric. The proof is based on weighted Strichartz estimates, and it is 
the weighted Strichartz estimates of higher order where the additional symmet- 
ric assumption is posed to avoid the technical difficulties when commutating the 
Laplacian with the vector fields. 

In this work, we are able to overcome the difficulties of commutating vector fields 
and verify the weighted Stricharz estimates and energy estimates with derivatives 
up to second order, for a general metric. This enables us to prove the Strauss 
conjecture with p > p c for n — 3, 4. Moreover, we are able to get the KSS estimates 
for < a < 1/2, by applying the corresponding estimates for wave equations with 
variable coefficients (see [15], [8]). With these estimates in hand, we can also prove 
the local existence for 2 < p < p c when n = 3 with almost sharp lifespan. 

Let us now state our results precisely. First, we introduce the necessary nota- 
tions. We consider asymptotically Euclidean manifolds (M. n ,g) with n > 3 and 

n 

9= y~] 9ij{x) dx % dx j . 
We suppose gij(x) e C°°(W l ) and, for some p > 0, 

(HI) V«er d%( 9ij - Sij) = o({x)-w-»), 

with Sij — S l 3 being the Kronecker delta function. We also assume that 
(H2) g is non-trapping. 

Let g(x) = (det(g)) 1 / 4 . The Laplace-Beltrami operator associated with g is given 

by * ' 

ij 9 

where g l; >(x) denotes the inverse matrix of gij(x). It is easy to see that — A g is 
a self-adjoint non-negative operator on L 2 (M. n , g 2 dx) , while P — —gA g g~ 1 is a 
self-adjoint non-negative operator on L 2 (M. n , dx) . 
Let p > 1, 

_ n 2 __ 1 _ 1 

Sc ~2~p~T' Sd ~2~p 
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(1.2) 



and p c be the positive root for 

(n - l)p 2 - (n + l)p - 2 = 0. 

Note that p c = 1 + \[2 for n = 3 and p c = 2 for n = 4. The semilinear wave 
equations we will consider are 

j{d? - A g )u(t,x) = F p (u(t,x)), (t,x) £ R+ x R™ 
1 u(0, x) = uq(x), dtu(0,x) = Wi(x), 

We will assume that the nonlinear term behaves like and so we assume that 
(1.3) Yl \ u \ S \ d t F p( u ) I ^ for M smalL 

0<j<2 

Finally we introduce the notation for vector fields Z = {d x ,Slij : 1 < i < j < 3}, 
r = {d t } U Z, where 0^ = Xj6|j — x.,-^ is the rotational vector field, and define 
di = dig" 1 , Clij = £lijg~ l . 

Now we can state our main results. 

Theorem 1.1. Suppose (|H1[) and (IH2[) ZioZd p > 2, n = 3,4, and p c < p < 
1+4/ (n — 1). XTien /or any e > such that (recall that s c > Sd since p > p c ) 

(1-4) s = s c -e£ (s d ,- 



there is a S > depending on p so that (|1.2p has a global solution satisfying 
(Z a u(t,-),d t Z a u(t,-)) £ H s x H s - X , \a\ < 2, t £ R + , whenever the initial data 
satisfies 

(1.5) £ (||Z a «o||^. + ||Z«« 1 || A ._ 1 )<& 

M<2 

Moreover, in the case n = 3, we can relax the assumption for p to p > 1. More 
precisely, if F p (u) satisfies 

(i-6) E H j l»)l £ H p 

0<J<1 

instead of (II .3[) . /or any p c < p < 3 and any e > smc/i i/ia£ (|1.4[) is frue, £/ie 
problem (jl.2l) /ias a global solution satisfying (Z a u(t,-),d t Z a u(t,-)) £ H s x H s , 
M < 1) i € R+; whenever the initial data satisfies 

(1.7) £ (liz^oll^ + ll^mll^o^. 
I«l<i 

We also have the following existence result for 2 < p < p c when n = 3, where 
the lifespan is almost sharp (see [35] for the blow up results). 

Theorem 1.2. Suppose (jHll) and (|H2I) fto/d wii/i p > 2, n = 3, and 2 < p < 

p c = 1 + v2' 27ien £/iere exists c > and Oo > depending on p so that (II .2[) /ias 
a solution in [0,T S ] x R 3 satisfying (Z a u(t, -),d t Z a u(t, ■)) G £P x |a| < 2, 

te [Q,T 4 ], wrai/i 

(1.8) s = s d , T s = c5^^ +e , 

whenever e > and £/ie initial data satisfies (|1.7[) wrafft <5 < <5o- Moreover, we can 
relax the assumption for p to p > \, when F satisfies (|1.6[) and s = Sd + e' /or some 
small e' > 0. 
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Remark 1.1. The above result for p < p c is a natural extension of Theorem J^.l 
in Chapter 4 of Sogge |18j and Theorem 4.2 of Hidano [Q \. See also Theorem 4-1 
of Yu |21] and Theorem 6.1 of [5] for closely related H Sd -results. 

For convenience we define the norm Y s ^ e as 

ll/(*)lk. = IK*r (1/a) — 7(s)IU» ■ 

The main estimate we will need to prove Theorem 1 1.1 1 is as follows. 
Theorem 1.3. Let u be the solution of the linear equation 



(1.9) 



(df + P)u{t,x) = F(t,x), (t,x)eR+x 



I it(0, x) = uo(x), d t u(0, x) = ui(x), 

with F = 0. Assume that (|HTj) and (|H2)) hold with p > 2, n>3, 2 < p < oo and 

s € (sd, 1). For al/ e > and rj > small enough, we have 

(1.10) 

£ ||^«IUiy...+llkr /a - ( ^ 1)/ ^ > - e ^«|| £f£f £S+ , ({|B|>1}) < X: (||Z Q «o||*. + ||Z 

a|<2 |a|<2 

and for s € [0, 1], 
(1.11) 

E (l|Z Q «ll it ~H' + \\9tZ a u\\ Lr ^ + ll^ a «llif£S'(|*|<i)) ^ E (WZ^oWh* + W'' 

\a\<2 |a|<2 

where q s — 2n/(n — 2s). On the other hand, if we assume p > 1 instead of p > 2, 
we have the same estimates of Erst order (|a| < 1). 

Here, the angular mixed-norm space Lf.L^ is defined as follows 

ii%. 1 ^(aN = (/"(j[ n _j/(^)r^) P/rAn ~ ldA ) /P ' 

which is consistent with the usual Lebesgue space when p = r. 

Recall that Theorem 11.31 with order (\ct\ = 0) and p > 0, has been proved 
in Theorem 1.6 of [17] for any s £ (sd, 1] in general. However, the estimates with 
higher order derivatives are much more complicated. As we will see, one of the 
main difficulties in the proof is that we need to establish the relation between P 
and the vector fields Z, where only the powers of P can be commutated with 
the equation 6\ 2 + P. The most difficult part of the commutators comes from the 
commutator of P and the rotational vector fields . Another difficulty arises from 
the estimates with second order derivatives, and the techniques we use here will 
require the assumption p > 2 instead of p > 1. 

To obtain Theorem ll.2l we will need the following local in time weighted Strichartz 
estimates . 



Theorem 1.4. Let u he the solution of (|1.9|) with F = 0. Assume that (|H1[) and 
(|H2p hold with p>2,n>3,0<a<l/p,2<p<oo and s — Sd- Then we have 
(1.12) 

E ll<x)- o | aJ |("- 1 )'z a u|| i?Lf . iia([0>r | Xll „ ) <(i+r)( 1 /p)--+« J2 (\\z a uo\\ HS + \\z a Ul 

|a|<2 M<2 

On the other hand, if we assume p > 1 instead of p > 2, we have the same estimates 
of hrst order (\a\ < 1), with s = Sd + e' for small enough e' > 0. 
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Remark 1.2. Note that the estimates in the above two theorems are given for 
solutions of(d 2 +P)u = F, which has the benefit that the solution can be represented 
by the following formula 

u(t) = cos(tP 1/2 )u + P~ 1/2 sin^P 1 / 2 )^ + / P- 1 ' 2 sin((< - s)P 1 ' 2 )F{s)ds . 



All of the operators occurring in this formula commutates with the wave operator 
d 2 + P. In general, an estimate for — A g will corresponds another estimate for P. 
For example, if we have the estimate (I1.10[) for P, consider the equation 



(1.13) 



J (d 2 - A g )v(t, x) = G(t, x), (t, x) e R+ x E" 
\u(0,x) = v (x), d t v(0,x) = Vl (x), xeW 1 . 

Notice that if we let u = gv and F = gG, then 

(1.14) {d 2 - A g )v = G & (d 2 + P)u = F. 

Thus we have also the estimate (|1.10j) for — A g . 

The paper is arranged as follows. In Section 2 we prove the weighted Stricharz 
estimates and energy estimates (i.e. Theorem II. 3[) ; In Section 3 we prove higher 
order KSS estimates and local in time weighted Strichartz estimates (i.e. Theorem 
ll.4[) ; Finally in Section 4 we will see how Theorem 11.31 and Theorem 11.41 imply the 
Strauss conjecture when n — 3, 4. 

2. Weighted Strichartz and Energy Estimates 

In this section, we will give the proof of our main estimates (jl.lOj) and (jl.lip . 
In what follows, "remainder terms", rj, j 6 N, will denote any smooth functions 
such that 

(2.1) d2 rj (x)=0((x)-P-*-M), Va, 

thus P = -gAgg- 1 = - A + r d 2 + r x d + r 2 . 

2.1. Preparation. Before we go through the proof of the main theorems, we will 
present several useful lemmas. The first one is the KSS estimates (Keel-Smith- 
Sogge estimates) on asymptotially Euclidean manifolds obtained in [2] and |17j . 
and the second one gives the relation between the operators P 1 / 2 and d x . 

Lemma 2.1 (KSS estimates). Assume that (jHlj) and (|H2j) hold with p > 1. Let 
N > 0, n > 1/2 and 

MT) ~ \ 1 „ > 1/2. 

Then the solution of (jl.9|) satisEes 

sup \\d?p j/2 gu(t,-)\\ L2 + J2 mt)\\(x)-" (\<ruy\ + Kf) \\ L ,„ 
(2-2) s E ll(^)'(o.-)L l + E ^MWlW 

\a\<N " \a\<N 

where L q T L r x = L"{% T]; i r (K n )). 

Proof. This is Theorem 1.3 in [17] ■ □ 
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Remark 2.1. Here, we notice that the estimate (|2.2j) still holds if we replace T and 
Z with d x in (12. 2[) (see (3.6) in |17j). Moreover, we will see later in Proposition 
Tfl that the corresponding estimates for < fx < 1/2 also hold. 



The next lemma gives the relation between the operators d x and P 1 / 2 . 
Lemma 2.2. If s E [—1,1], then 
(2.3) \\u\\ A . * \\P s/2 u\\li. 

Ifse [0,1], 

(2-4) ||a,-u||^_.<||P 1 /2 u ||^_. j 

(2.5) iip 1/2 ^<Eii^ii^- 

Moreover, we have for s € (0, 2] and 1 < q < n/s, 
(2-6) \\P s/2 u\\lI<\\u\\h^- 

Proof. This is just Lemma 2.4 in [17]. □ 

The following three lemmas are proved to deal with the commutator terms we 
will encounter in the proof of our higher order estimates (|1.10|) and (|1.11|) . 

Lemma 2.3. Let u solve the wave equation (ll.9[) . Then for any s <= [0,1] and 
e > 0, we have: 

(2-7) hhlY.,. < WMh- + \Wi\\h-i + \\(x) {1/2)+e F\\ L i H ^ 

Proof. We give first the proof in the case uo = u\ = 0. First, from Remark 2.1 in 
[17] we know 

(2-8) IN~ (3/2) - £ "IU RxR -) £ \\(x) {1/2) ^F\\ L2{mxmn) . 

Next, using the KSS estimates on asymptotically Euclidean manifolds (Lemma 2.1 
in [17]) together with (|2.8p . we have 

IIW "IliJff^RxR") ~ II W "IIl 2 (KxR") ^ IIW " IIl 2 (RxR") 

(2.9) < IK^^+^IU-crxr-). 

Since P is self adjoint, for any fixed T > 0, if we let dpi) = (<9 2 + P)v = G with 
vanishing initial data at T, then 

\\(x)- (1/2) - e u\\ L2{[ ]xUn) = sup («,G) 

ll^> 1/2+e G|| i2a0iT]><En) <l 

= sup (Opu,v) 

i ! ([0,T]x8")^ ] 



< ||(a;)( 1/2 ^ +e npu|| i 2 i j-i ( [ ^ T ] ><R „)||(a;) ^/ 2) e ^|li2 i ji([ 0)X ] xRn 



< 



II^> (1/2)+ ^IIl^- 1 ([o,t]x R ")IIW (1/2)+£ g|U 2([ o,t]x R ") 



< \\(x)V» + *F\\ L ^_ mxRny 



Since the constants in the inequality are independent with T, we get 

(2.io) H(-)- (1/2) - e -L,«x^^ll(-> (1/2)+ ^llL^- 1( 
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Now we can get the desired estimate ()2.7[) for uo = u\ = by an interpolation 
between (|2.8j) and (|2.10[) . The estimate with F = follows just from the estimate 
(jl.lOp of order 0, which is proved in [T7]. □ 



Lemma 2.4. Let w solve the wave equation (jl.9)l with uq = u\ = 0. Then for 
s e [0, 1] and e > 0, 



(2.11) 



\M\ L?Hl <\M 1/2+ 'F\\ L ^ r 



Proof. We will show this estimate by interpolation. For s = 1, notice that KSS 
estimates in Lemma 12.11 give us 



{x) -^-^ p1 ' 2 f\\ Ll <\\f\\ Ll 



After the standard TT* argument, we get 



e -isP 1/2 G( s ,-)ds 



<\\(x) 1/2+C G(t,x)\\ L . 



L 2 



and so 



F{s)di 



< 



< 



e- lsp1 ' 2 F{s)als 



v(i/ 2 )+e; 



Thus by the Christ-Kiselev lemma (cf. [3]) we have 



F(s)ds 



<\\{x)W + *F\\ 



Recall that w = P" 1 / 2 f* s - m ((t - s)P 1 / 2 )F(s)ds, then we get the proof of (pmj) 
for the case s = 1 as follows, 

IIHIl^ « \\P X/2 M\L r Li<\\{x)^ 2 ^F\\ Llx . 

For s = 0, by (|2~2"T) . 

II(^>- (1/2) -^IIl ? a^IIM" (3/2K ^IIl^ + IK^-^-^^ll^^HFiUiij . 

The above inequality, combined with a similar duality argument for (|2.10l) . gives 

\\M\L?Ll<\\{x) {1/2)+t F\\L*H-i , 

which is just the estimate for s — 0. This completes the proof if we interpolate 
between the estimates for s = and s = 1. □ 

On the basis of the above two lemmas, we can control the commutator terms by 
a kind of weighted L^H^T 1 norm. Then with the following lemma we will be able 
to bound this norm by the good terms, thus we can use the argument as in [17] to 
get over the difficulty on error terms. 



Lemma 2.5. Let n > 3, N > 1 and u be the solution to (|1 .9|) with F = 0. Then 
for any s G [0, 1], e > and \a\ = N 7 we have 



(2.12) J2 ll^)" (1/a) " e ^«llL?^-^ll"oll^+.-n*. 

\a\=N 



!Ml|!_H-N + 3 -2 nJ j s -l 
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Proof. The estimate for s = 1 follows directly from the KSS estimates ()2.2[) and 
Rcmark l2.ll Moreover, we have the following estimate 

(2.i3) Mxyvv-'uhw = \\{x)-wv-*pV\p-v*u)\\ l . li 

<\\p- 1/2 Mh^ + ll^- v Vlk<INIk + IMI*-> ■ 

For s = 0, first notice that since n > 3, we have Hardy's inequality 

\\{x)- 2 xh\\ Ll <\\h\\ ilX , 

and the duality gives 

\\{xr 2 xf\\H-i<\\f\\Ll ■ 

Using the above estimate together with the KSS estimates and (|2.13p . we get 

< \\{x)-W-*d%- l u\\ LiLl 

< ||uo|lijN-i + ||wi||fl-iv-2 nJ j-i • 

Now (|2.12j) follows from an interpolation between s = and s = 1. □ 

Next we give three lemmas that will be used to prove the second order part of 
the estimates ([TTTU]) and (flTTI) . 

Lemma 2.6. For < [i < 3/2 and k > 2, we have 



r k-l i 



(2.14) \\(x)-»d n ---d Jk u\\ Ll < ]T ll^-^P^H^ + ^IKx)-^ 

J=0 " 3=1 



u \\li 



where [a] denotes the integer part of a (max{/c 6 Z, fc < a}). 

Proof. This is just Lemma 4.8 in [2]. □ 

Lemma 2.7 (Fractional Leibniz rule). Let < s < n/2, 2 < pi < oo and 1/2 = 
1/Pi + (i = 1,2). T7ien 

ll/ffllff^ll/IU'illsllij-Pi + H/lliJ^llslk" . 

Moreover, for any s € (— n/2,0) U (0,n/2), 

Proof. The first inequality is well known, see, e.g., |12) . The second inequality 
with s > is an easy consequence of the first inequality together with Sobolev 
embedding. Then the result for negative s follows by duality. □ 

Lemma 2.8. For f £ H s (W l ) n H s+2 (R n ) with n > 3 and s e [0, 1], we have 

(2-15) WllH.<l|J7llir. + WfWfr ■ 

On the other hand, 

(2-16) \\PfU.< E W d *fU> ' 

\a\<2 
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Proof. First, we give the proof for the estimate (|2.16[) . When s = 0, notice that 
Pf = 9 l3 dtdjf + rid x f + r 2 f, we have 

H 2 nLl ■ 

When s = 1, recalling that d^ri — 0((x)~ p ~ t ~ J ), by Hardy's inequality, 
\\d x (r 2 f)\\ Ll <\\d x {r 2 )f\\ L i + \\r 2 d x f\\ Ll <\\d x f\\ Li . 

Thus 

WPfW&l = Wd.Pfhi < ||0«C0 W W)IU? + \\dx(nd x f)\\ Ll + \\d x (r 2 f)\\ Ll 
< \\d 3 Jhi + \\d x f\\ Ll 
~ WfWmnH 1 ■ 

Our estimate (|2.16p is obtained by an interpolation between the above two estimates 
on Pf. 

Now we turn to the proof of the estimate (|2.15p . First, when s = 0, by elliptic 
property of P, we have 

}2, 



(2-17) \\d*f\\ Ll 
Second, for s = 1, using (|2.17l) . 



< 



\\Pf\\ 



L'i 



11/11 



Li 



\d 3 J\\ 



< 
< 

< 



< 
< 



\Pd x f\\ L 2 + \\d x f\\ Ll 

\[P,d x ]f\\ Li + \\d x Pf\\ Ll + \\d x f\\ Ll 

E 7 -3-| Q |^/|| L , + ||P/||^ + ||/||^ 
M<2 

\Pf\\Hi + ll/llffi + 11/11*2 



Ve > 0. 



\P.f\\m + \\f\\m +4f\\Hs + (l/e)\\f\\Hu 

Here we have used Hardy's inequality and the fact that H 3 n H 1 C H 2 . Now if we 
choose e > small enough and use (|2.16l) with s — 0, we have 

(2-18) ll^/ll^^llP/ll^+ll/ll^x^llPP^/ll^+ll/II^^II^Vll^+II^VlliJ 

On the basis of (|2.17p and (|2.18p . by an interpolation for the operator d 2 P~ x l 2 and 
making use of Lemma 12.21 we have, 

(2-19) ||^/||^<||P 1/2 /llAx + . + ll^ 1/a /||ff.- 1 

<\\P 1/2 f\\m + s + \\P 1/2+(s - 1}/2 f\\Li<\\P 1/2 f\\m + s + 11/11*.- 
We need only to deal with the term ||P 1 ' 2 /|| i ^i +a . Note that for s £ [0, 1], we have 

\\P- 1/2 v\\hi + ,<\\v\\hs + \Mh-*, 
which is true for s = (see (|2.3[) ) and s = 1 (see (|2. 171) ). Recalling that P—g^didj = 
f\d x + T%, and by Leibniz rule (see Lemma l2.7p . we have for any small < e < p, 



\\P 1/2 f\\ 



(2.20) 



< 


\\pf\ 


H" 


< 


\\pf\ 


H" 


< 


\\pf\ 


H" 


< 


\\pf\ 


H" 


< 


\\pf\ 


H- 



PfWtis 

/H^-. + IM s /||ff_. + ||r4/||H-. 

f\\ H ,s+\\f\\ H , + C 



/ll^ll/l 



l-6i 



| 1 — 02 



/ll^ll^/ll^ 1 +ll/ll^ll^/||^ 



where 0i € (0, 1]. 
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where we have used the fact that s < 1 + e, 2 — s < 2 + s (so that 9i > 0) for 
s e (0, 1]. Now our estimate (|2~T5|) (for s > 0) follows from ([27l9|) and IpQ) , □ 

2.2. Proof of Theorem 1.3. Now we are ready to give the proof of Theorem ll.3l 
Recall that it has been proved in [IT] that the result holds in the case with order 
(\a\ = 0) and p > 0. Specifically, by KSS estimates (|2.2[) and energy estimates, we 
have 

(2.21) IMUjr... + NL~h* + HdHL-ffs-^IMI^ + \\ui\\hs-i 

for the solution u to the homogenous linear wave equation (|1.9[1 and s € [0, 1]. 

Recall that Fang and Wang obtained the following Sobolev inequalities with 
angular regularity ((1.3) in [4]) 

(2.22) iikr /2 -vwii iri ^<iiki n/2 - s /wii i0 o HS -v 2 <ii/ii^ 

for s g (1/2, n/2) and some 77 > 0. By Lemma l2~2"l we have 

(2.23) |||x|"/ 2 - s e ^ 1/2 /(^ll ir|:c|L ^<l| e ltpl/2 /WII Lr ^ 

Se ltpl/2 P s/2 f(x)\\LrLl<\\P s/2 f\\Ll<\\f\\ H s 

for s € (1/2,1]. 

On the basis of KSS estimates, we can also obtain local energy decay estimates 

IIH| L 2 ff3 <||u |lH= + IMIii—i 
for cj) G Cq 30 and s € [0, l](see Lemma 2.6 in [UJ). Then for any p > 2, 

(2.24) IIHIifH^IIHIz,^ + H0 u llL r H^ll u o||ffa + • 

Now if we apply interpolation method, the estimates ([1.10(1 and (JTTTTJ) with order 
are direct consequences of (|2.21[) , (|2.23p and (|2.24[) . Next we will prove these three 
estimates with order up to two. 

Proposition 2.9 (Generalized Morawetz estimates). Let n > 3, s g [0, 1) and 
p > 2. Then for the solution u of the equation (|1.9[) with F = 0, we have 

(2.25) J2 H^lkn,. ^ E (H^oll^ + ll^ill^-O 

Moreover, if we assume only p > 1 and s £ [0,1], the estimate still holds with 
\a\<l. 

Proof. We first prove the estimate for Z a = d x . Recall that for all —3/2 < p < 
I 1 < 3/2, we have (Lemma 4.1 of [2]) 

(2.26) ||(x)-^ U || L , < || (xytp^uW^ . 
Also recall that d = dg -1 , a direct calculation induces 

E W d >\\L*Y„< E l^>llL ? Y s , e , 
\a\<l \a\<l 
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Then for any e > 0, by (|2^T|) . 

|a|<l |q|<1 

< J2\\P j/2 uh>Y^ 2 

< E (n^^ii* + \\p 3/ l*l||jgr.-i 
J<1 

a|<l 

< E (ii^«oii*. + n^«iii*.-o . 

a|<l 

where we have used the inequalities (|2.3I) , (|2.5I) and Lemma 12.71 in the last two 
inequalities (note s € [0, 1]). 

Next we check with Z a = £1. Recall that by the interpolation of (|2.8|) and the 
duality of (|2.8[) . we have 

(2-27) NU?n,« < H^IUfn'..,.. 

if m is a solution of (|1.9[) with vanishing initial data. Since [P, Q]u = 52i a |<2 r 2-|a|<9" M j 
by using a combination of (6.7) in [17] and Lemma 12.31 for flu, we have 

(2.28) + E IKx) 3 / 2 - s+ V 2 _| Q |^u|U ?K + llro^+^ull^.^ 

|a|<l 

Now since p > 1, by (|2.26p and Lemma l2~3l 

E \\{x) 3/2 - s+e r2-\ a \d>h U < E IK*>" V2 "'" e '9?«lk. 

| a | < 1 a|<l 

< E n^)~ 1/a ~'~ e '^«iUf.. 

|cs|<l 

< E iK*>~ 1/2 ~ s ~ e ' /2pi/2u ik* 

»<1 

< Elu^oiiij. + ii^vii^-! 

(2.29) < e ii^«oii^+ii^«iiiA- 

|a|<l 



where in the last inequality we have used the inequalities (12.31) . (|2.5I) and Lemma 
I2~T1 

Let f(x) = r (xy/ 2+e = 0((x)-<> +1 / 2+e ). Then f(x) = 0((x)-P-^ 2+e ). Since 
n > 3, by Hardy's inequality with duality, the KSS estimates (|2.2[) with Remark 
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I2.1[ and interpolation, 

II/<9xu|Il?hs-i < \\ d x(fd x u)\\ L 2 A ,-i + \\f'd x u\\ L a A ,-i 
£ Wf9 x u\\ L 2 A s +\\(x) f'd x u\\ L 2Hs 

(2-30) < Y, W d >°\\H* + E H^iIIh^ ■ 

q|<1 |ce| <1 

On the basis of (|23g]) . (j2~2U)) and ([230]) . we are done with Z Q = Q. This completes 
the proof of the first order estimates under the condition p > 1. 

For the second order part, we first consider the case Z a = d 2 . Since s £ [0, 1), 
we can always find e > such that 1/2 + s + e < 3/2. By Lemma [2TB1 the proof for 
Z a = d x , Lemma \2. 2 1 and Lemma T2.81 we have 



\d 2 x u\\ L 2 Yae < Y \\9>\\^y s , c 



< 



< 



< 



< 



<2 



a\<\ 

£ i\\d>o\\^ + ll^«i||ff.-0 + \\PMir. + \\PMh*-i 

a\<l 

E ««oll*. + P>ill^-0 + \\pMa. + II^Vll^ 



q|<1 



E (ii^«oii*- + n^«iii*-o+ E ii 5 >oii^+ E n^iii^ 

a|<l |q|<2 |ce| <1 

E (\\9>o\\^ + \\d>i\\H^) > 



<*|<2 

where the fractional Lebniz rule f Lemma 12 .7[) is used in the last inequality. Next, 
we consider the case Z a = n 2 . Since [P,VL 2 ]u = £ H<3 { r 2-\ a \d x u), and n 2 u solves 
the wave equation with initial data (fi 2 uo, fl 2 ui) and nonlinear term [P, fl 2 ]u, by 
(|2.27p . Lemma [2~3l Lemma [2~5l and the higher order estimates we have proved, 

\\n 2 u \\Hs + UoVll^-x 

+ E \\(x) 3/2 - S+e r2~\ a \d«u\\ Llx + £ W(x) 1/2+e r2-\ a \d«u\\ L 2^-i 

\a\<2 \a\=3 

< \\n 2 u 1| jj, + ||n 2 u 1 |lH.- I 

+ E HM^„,e+ E ll^) 17 ^-!^!!^- 

|a|<2 |a|=3 

< ^ (H^noH^ + ||^l||^-0 + ^ || < aS > 1 /2+e r _ l ^ tl ,j i ^ - _ i 
l«|<2 l"l=3 

< 53 (ll^oll^ + ll^ill^-0 + IIW^-ilLoon^.nlKx)- 1 / 2 -^^!!^^., 

|a|<2 

< 53 (h^uoIIh. + ii^iii^-o + E (ii^oii^ + feii^-o 

H<2 |a|<2 

< 53 (iiz°«oiiff. + n^ a «iii^- 1 ) 

|a|<2 
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where we have used the fact that p > 2. 

Since the commutator term [P,dfl]u = [P,fld]u = J2\ a \<3 ( r 3-\a\d£ u ) corre- 
sponds to an even better case than what for f2 2 , the proof proceeds in the same 
way. This completes the proof of the higher order estimates under the conditions 
p > 2 and s G [0,1). □ 

Proposition 2.10 (Higher order energy estimates). Let n > 3, s £ [0, 1] and p > 2. 

Then for the solution u of the equation (jl.9l) with F = 0, we have 



(2.31) E \\Z a u(t,x)\\ LrAs < E (\\Z a uo\\ 6 . + ll^uiH j.-0 ■ 

|a|<2 M< 2 

Moreover, if we assume only p > 1, the estimate still holds with \a\ < 1. 

Proof. By Lemma 12.21 and elliptic regularity for P, we know 

ll^u||^<||^u|U2<||P u || i2 + \\u\\^<\\P^ 2 u\\ Al + WP^uW^. 

Interpolating this estimate with (|2.3|) with s = 1, Hc^mH^ ~ ||P 1 / 2 it||i2, we get 
that for s G [0,1], 

(2-32) ||9, U || ffs < ||P 1/2 U || ffs + \\P 1/2 u\\ H -° 

< iipv^n^ + ii^i^. 

Thus by Lemma l2~2l we have for s G [0, 1/2] (such that s < 1 - s and ff s n i? 1+s C 

E ^ 

|a|<l J<1 

< E (ii^u*. + + ikiIh!-* + n«iii^-. 

|a|<l 

(2-33) < E (H^oll^ + ll^ill^-0 • 

|a|<l 

Now we can deal with fiit. Noticing that 

&ijf = O'^ijf + {xidjg^ 1 - x j d i g~ 1 )f , 
by the fractional Leibniz rule, we have 

\W\\h*< E W^fU* . H<n/2 . 

|ce|<l 

We have similar relationship between d x u and c^u. By the Sobolev embedding, for 
any ft £ L", we have 

Uxyw-'huWz.-* < \\(x)- 1 ' a -<hu\\ Il »>,w 1 -.» 

(2-34) < Hxr^-'uU.. 
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Thus by the energy estimate, Lemma \2Al 12.71 and 12.51 

\\&u\\ LrAB < ||n Uo |lH. + ||n U i||^._ 1 + |K ! c)Va+«[p l n]„|| z .^._ I 

< \\Q Uo \\ A . + \\Qu 1 \\ A .- 1 + £ \\r2-\ a \(x) 1/2+£ d«u\\L?Hs-i 

l<\a\<2 

< e (\\ Qau o\\m + m a MH*-i) 

\a\<l 

+ E lka-|a|^) 1+2e || i oo n ^-..-/(i-.)ll<a ; )- 1/2 - £ ^'«lli4H.-x 

l<|a|<2 

< e m a u Us + \\n<*u 1 \\i I ,- 1 )+ e \\{*)- 1/2 - e d>h>H>-i 

\a\<l 1<|«|<2 

+m- 1/2 - e (dg- 1 )u\\ L ^ + Mxr^-ndig-'dg- 1 )]^^,-! 

< e (ii^oii^ + n^°«ib.-i) , 

a|<l 

where we have used the fact that p > 1 and (|2.34[) with h = dg^ 1 , dg~ 2 and 
h = d(g^ 1 dg~ 1 ) (the condition h € L" is satisfied since the condition (|H1|) on the 
metric g). Noticing that Ou = gflu — g(£lg~ 1 )u, we hence have 

(2.35) \\nu\\ Lr ^< E ll^ll ir ^< E (H^oll^ + H^uiHi.-O . 

M<1 a|<l 

On the basis of (|2.33p and (|2.35[) . we complete the proof of the energy estimates of 
order one, under the conditions s € [0, 1/2] and p > 1. 

For the part with second order derivatives, we need only to deal with d 2 , and O 2 
as before. 

By Lemma |2~51 and Lemma l2"T2l we have 

\\dlu\\ L?ks < \\Pu\\ Lr ^ + \\u\\ L?As 

< \\Pu \\hs + ||-P«i||jj.-i + hoWii* + \\ui\\h*-i 
(2-36) < E (ll^«oll^ + ll^«ill*.-0 ■ 

|q|<2 

Here we remark that we can control J2\ a \=i W^x u \\LfH s f° r s e 1] instead of the 
restriction s£ [0, 1/2] in (|2.33p . by (|2.36p and (|2.21l) . which enables us to relax the 
condition to s <E [0, 1] in the estimates of order one. 

By Lcmma l2.4l Lemma l2.51 and what we have gained in previous steps, if p > 2, 

\\n 2 u\\ Lr H* Z E \\^ u h r ^ 

\a\<2 



< E (\P 2 u \\ A3 + \\n 2 Ui\\ A ^)+ E \\r2-\ a \{x) 1/2+t ~d>\\ LlHs -, 

\a\<2 1<|q|<3 

< e (nn 2 «ob. + iinvii A .- 1 )+ E \\( x r 1/2 -' d >\\LtH>-i 



\a\<2 1<|q|<3 

(2.37) < E (ll^oii^ + 11^11^0 . 

\a\<2 

We are done with the second order estimates based on (|2.36|) and (|2.37[) . □ 
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Proposition 2.11 (Sobolev inequality with angular smoothing). Let u be a solution 
of (|1.9[) with F = and n > 3. Then for any s £ (1/2, 1] and p > 1, there exists a 
suitable r/ > so that we have: 

(2.38) Yl \\\x\ n/2 - s Z a u(t,x)\\ L ^ L ^< ]T (\\Z a uo\\ 6 . + WZ^mW^) 

\a\<l I«I<1 

Furthermore, if we assume p > 2, then we have 

(2.39) Y, \M n/2 - s Z a u{t lX )\\ LT ^ Ll+v < Y (\\Z a uoU s + ||Z Q ui||*.-0 

\a\<2 \a\<2 

Proof. This is a direct consequence of the energy estimates Proposition 12.101 and 
the inequality ((2~2"2l . □ 

Proposition 2.12 (Local energy estimates). Assume n > 3, let s £ [0, 1], p > 2, 
k = 0, 1, 2, p > k and u be a solution of (II. 9p with F = 0. We have 

(2.40) Y U za A L lHs< Y (HZ a «oll*. + ll^«i|l*.-0 , 

\a\<k \a\<k 

where (j) £ Cg°(E n ). 

Proof. The estimate with k = is just (|2.24p . For the higher order estimates with 
\a\ = k> 1, by the higher order KSS estimates (|2.2p . 

II^^IIl?^ ;$ II* fl»^«ILf,. + II*' z<x Ali x 

< \\{x)-V*-*d x Z a u\\ Llm + \\{x)-^Z a u\\ Ll ^ 

< Y (H^ a «0||ffX+ H^UlM- 

\a\<k 

For s = 0, note that <f> ft = r$d Xl 

Uz a u\\ Llx < Wix)- 1 / 2 -^^- 1 ^^ 

< y (ii^oii^ + n^iiuo 

l«l<fc-l 

< y (ii^ a «oiu» + ii^i||h-i) ■ 

|o|<ft 

By interpolation between the above two estimates, we get (I2.40[) with p = 2. This 
will complete the proof if we combine it with the energy estimates in Proposi- 
tion EDS □ 

Proof of Theorem 11.31 From the above four propositions, we have proved the 
higher order version of (|2.21j) , (|2.23p and (|2.24l) , which gives us the required higher 
order estimates (fTTTTj]) and (fLTTl) . □ 

3. Local in Time Strichartz Estimates 

In this section, we give the proof of Thoerem 11.41 The first lemma is concerned 
with the KSS estimates for the perturbed wave equation, obtained in Theorem 2.1 
of [5] (see also Theorem 5.1 in [15]). 



1(5 



CHENGBO WANG AND XIN YU 



Lemma 3.1. Let n>3,O h = df - A + h af3 {t, x)d a dp, h a ? = hP a andJ2\ ha/3 \ < 
1/2. Then the solution to the equation D/iit = F satisfies 

(1 + TY 2a \\\x\- 1/2+a (\u'\ + ^)ll 2 

y 1 ^ 1 ) IN X I \\ u I + | x | /|Il2([o,t]xK") 



-1/2- 



U x ||2 



| x | ^llL 2 ([0,T]xM") 

(3-1) < ||«'(0, -Wmm) + [ J («' + Axi^l + (Ift'l + A)KI) ^ 



/or any e > and a G (0, 1/2). 



On the basis of the KSS estimates for wave equations with variable coefficients 
and local energy decay (I2.40[) . we can adapt the arguments in [T7] to obtain the 
following KSS estimates for asymptotically Euclidean manifolds. 

Proposition 3.2. Assume that (|H1[) and (|H2[) hold with p > 1. Let N > 0, 
< p < 1/2. Then the solution of (|1.9[) satisfies 



(3.2) Yl (i+ T ) M " 1/2 IK*)" |i (i( ra «)'i + ^) 



\oc\<N 



< £ ||(z««)'(o,.)|| £a + £ ||r«F( S) .)|L^ , 

|a|<JV |a|<iV 

w/iere L^Z£ = L«([0, T]; i r (M")). 

As a consequence of this KSS estimate, similarly to the previous proof of Propo- 
sition [521 we can have the following estimates. 



Corollary 3.3. Assume that IjHljl and (|H2|) ZioZd ura'tfi p > 2. Lei < p < 1/2 and 

(bg(2 + T))- 1 /a M =l/2, 
(1 + T)^ 1/2 0</x<l/2. 



We /iave 

(3-3) \\{x)-^ lttJ ""f\\LlLi<A,{T)-t\\f\\ L ,. 

Moreover, if < (J, < 1/2, /or the solution u of the equation (11.9[) w«i/j _F = 0, we 
have 

(3.4) £ IK^-^^II^l^T 1 / 2 -^ X! (||^ «o|U» + ||^ 0, «i||^-i). 

|a|<2 |a|<2 

And, if we assume p > 1 instead of p > 2, we Ziaue i/ie same estimates of first order 

(M<i). 

Proof. (I3.3[) is a direct consequence if we employ p.2[) with a = for u' = dtu. 
To obtain (|3.4p . we basically follow the argument as in Proposition 12.91 with some 
modifications. For the second order part, we first consider the case Z a = d 2 . We 
claim that we have the following inequality 

(3.5) \\(x)-»d x u\\ L , < 4{x)-»& x u\\li +C(e)\\(x)-»u\\ L , . 
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By Lemma 12.61 Lemma 12.21 and Lemma 12. 8[ we have 
A^T)\\{x)-»dlu\\ LlLi < A,(T) \\{x)-^u\\ L ^ 



\a\<2 
a|<l 

< A,(T) \\(x)-»d>\\ LlLl +A,{T)\\(x)-»Pu\\ LlLl 

\a\<l 

< eA^T)\\{x)-»dlu\\ Ll . Ll +C{e)A li {T)\\{x)-»u\\ LlrLl 



+A^T)\\{x)-»Pu\\ LlLl 
< eA M (T)|Kx)-"^«|| £3 . £S 

+C(e)(\\u Q \\ L 2 + \\u 1 \\ A - 1 ) + \\Puo\\ L 2 + \\Pu 1 \\H- 1 , 

where we have used (|3.3p and (|3.5p . Hence we have 

A^T)\\{x)-"dlu\\ LlLl < \\u \\ L 2 + HtiiH^-! + \\Pu \\ L , + \\PMh-i 

< \\u \\ L 2 + + \\Pu \\l* + H^Vlli^ 

< \\Mh-i+ E II 9 >oIU 2 + II^iIU 2 

|a|<2 

< E (ii^«oIu»+ii^«iIIh-o ■ 

|a|<2 

Now we are left with the norm for Z = ft, fl 2 , but from the proof of Proposition 
we know it suffices to prove the following estimates 



(3.6) ||^>- p «;||L ?i .([D,3ixR»)^T 1/a - /i+e ||<a:) 1/2+£ J ! 'll if H-i([o,7lx»»). 



if w is the solution of (|1.9p with vanishing initial data. Recall that we have proved 
in Lemma 12.31 that 



(3-7) IK^- 1/2 -^|U^( [ )r ]xR«)<ll^> 1/2+ ^IL ? H-i a o,T]xR™)- 

Also if we restrict the time t in [0, T], it is easy to verify that Lemma |2T4"1 still holds, 

i.e. 

(3.8) 

Now (|3.6p just follows from the interpolation between (|3.7p and (|3.8p . To conclude 
the proof of (|3.4p . it remains to prove the claim (|3.5p . 

Proof of p.5p . This inequality is true for [i ~ 0. For general /i > 0, we apply 
the estimate for \i = to v = (fm with 4> = ip(x/R),ip € C°°,0 < i/j < l,supp?/> C 
{1/4 < |x| < 2}, V = 1 in B 1 \B 1/2 and R > 1. Because of {a: : </>(x) = 1} C {|x| > 
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R/4} and supp</> C {i?/4 < \x\ < 2R}, we get 

\\(x)^ t "d x u\\ L 2^ {x . <f)(x)=1}) = ||(a;) _Ai a 2; (0w)|| L 2 ({;1 .. ( :I ,) =1 }) 

< CR-i>\\d x ((fm)\\w t n ) 

< CR-^e\\d 2 x ^u)\\ L , (Rn) + C(e)\\<fm\\w)) 

< C7(e|Ka;)-' i ^(0u)|| iacK » ) +C( E )|Ka : )-' i 0u|U 3{H » ) ) 

< C(e||(a;)"' i ^u|| i 2 (supp0) + CeR- 1 \\(x)-> 1 d x u\\ L 2 (supp , p , ) + 
(C(e) + CeR- 2 )\\(xy»u\\ L2{supp ^) . 

If we choose instead ip = 1 in B\ and for \x\ > 2, then 
||(x) _/x 5a ! u||i2({ a! .| x |<i}) < Ce\\{x)~^dlu\\ L *{{ x -.\ x \<2}) + 

Ce\\(x)~Pd x u\\ L z({ x ..\ x \<2}) + (C(e) + Ce)||(x)~' i u|| i a( {a; .| !I .|<2}) ■ 
Combining the above two inequalities, we see 
\\(x)-»d x u\\ LHRn) < C , e||(x)-^6'2 u || i2{Mm)+ae || ( ^ ) -M-i^ u || i2{M „ )+C ' (c . (e)+e) | K ^ ) -M u || i2(K „ ) t 

which implies (13. 5|l . by choosing small enough e > 0. □ 

The next estimate is based on the endpoint trace lemma. 
Proposition 3.4. Let B^ q denote the homogeneous Besov space. Then we have 
(3-9) Hj^i^-D/a^^/^H ^i^n 

t i oj 2,1 

Proof. Recall that we have the endpoint Trace lemma (see (1.7) in [4]): 
(3-10) ^ 1)/2 ||/(^)ll^<ll/ll^/ 2 , 

which gives that 

(3.H) llkl (B - 1)/2 e < * pl/S /IU-.L»<l|e« i,I/a /IU 1 / a . 
On the other hand, by Lemma l2~2l we have 

l|e ftpl/, /ll^<l|J rf/9 e«^ / "/|| £ 5<||J' 1/a /||La<||/|lA 1 . 
Noticing that ||/||s s = we can rewrite the above estimate as 

ll^'Vllj^ll/ll^ ■ 
Interpolating this estimate with the energy estimate 

He^ 1/2 /bo 2 <ll/llBo 2 

gives 



where we have used the fact that (Theorem 6.4.5 in pQ) 

(B s p ° qo ,B^ qi ) e ,r = B s p r , if s ^si, < 9 < 1, r,q , qi > 1 and s* = (1 - 6»)s + 6»«i. 
Now our estimate (|3U|) follows from (f3~TTj) and ([3"T2"]) . □ 
Now we are ready to obtain the local in time Strichartz estimates as follows. 
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Proposition 3.5. Let 2 < p < oo and a G (0, 1/p). Then we have 

(3.13) ll^-^sl^-^^-^e^Vll^^^Cl + T) 1 ^!!/!!^-!/,. 

Proof. This estimate follows from the real interpolation between Q3.3P and (13. 9p 
with 8 = 2/p (for similar arguments, see, e.g., [6], [21]). □ 



Finally we give the proof of Theorem 11.41 
Proof of Theorem 11.41 Since the estimates in Theorem II .41 with order are just 
obtained in Proposition 13.51 we are left with the higher order estimates. Similarly 
to the proof of Proposition 13.51 we need only to show the higher order estimates 
that correspond to (|3.3p and ()3.9j) . 

The higher order estimates corresponding to (|3.3|) are known from Corollary [33] 
For the higher order estimates of (|3. 91) . by (|3.10p we have 

(3.14) J2 \\\4 n - 1)/2 Z a <t,-)\\L?Ll< £ \\Z a u{t,-)\\^ . 

\a\<2 |a|<2 

On the other hand, from the energy estimates in Proposition l2.101 we have for any 
s G [0, 1] 

E \\z a u{t,-)\\ k ,< E (W^Ma- + \\z ci ui\\h.-i) ■ 

\a\<2 |a|<2 

Now the real interpolation between the above two estimates with s — and s = 1 
gives 

E ll^°«(V)IUv>< E (ll^ a «olUv> + ||^ a t»i|U-v>) . 

|a|<2 ' \a\<2 

Combining this estimate with (|3.14[) . we get the second order estimates of (|3.9p . 
which completes the proof of Theorem II .41 for p > 2. When p > 1, we need only to 
use (gig) instead of ([3~TU]) . □ 

4. Strauss Conjecture when n = 3, 4 
In this section, we will prove the existence results in Theorem 11.11 and Theorem 

o 



4.1. Global results when n = 3,4. In this subsection, we prove the Strauss 
conjecture stated in Theorem 11.11 The result when n = 3 and p > 1 has been 
proved in (17], under the additional assumption that gij is spherically symmetric. 
Since we have obtained the same estimates without this assumption, the existence 
result with a general metric follows from the same argument. Here we present the 
proof for n = 3, 4 under the conditions p > 2 and p > p c , and we are following the 
argument as in [7j. 

We define X = X St£i q($L n ) to be the space with norm defined by 

(4-1) \\h\\ x .,., q = IHU(N<D + II M n/2 - (n+1)/ '— e A|| £ , L ^n x]>1 y 

|ec| w * ' ' — ' 

where — ^-) = s. Combining the Sobolev inequalities with angular regularity 
(|2.22p with Sobolev embedding H s C L 9s , we have the embedding 

for s G (1/2, n/2) and some r/ > 0. By duality, we have (see Theorem 2.11 of [13] ) 
(4.2) *i- s ,o,oo C H*- 1 for a G ((2 - n)/2, 1/2) . 
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With these notations, Theorem 11.31 tells us that for the solution u to the linear 
wave equation <9 t 2 u + Pu = 0, we have 

E (\\ za A L? Hs nLlXs ^ + wdtz-uw^^) < e (ii^ a «ob. + ii^ Q «iiiff.-o 

M<2 l«l<2 

for s S (1/2 — 1/p, 1). By Duhamel's formula and (|4.2p . we see that for u solving 
the linear wave equation d^u + Pu = F, we have 

(4-3) E W < 2 (\\Z Q u\\ Lr ^ nL?x ^ p + \\d t Z"u\\ Lr ^ t 

< E H < 2 (II^uoIIh- + \\z a MA.-i + WztWlih-i, 

< £ H <2 (ll^oll^ + \\Z a ui\\Hs-i + \\Z"F\\ Lix ,_ s ^ 

if p > 2, V > 2, a e (1/2 - 1/p, 1/2). 

For the linear wave equation (df — A g )u — F, using the observation (I1.14[) , we 
have the same set of estimates. 

Let us now see how we can use these estimates to prove Theorem ll.il Considering 
the Cauchy data (uo,ui) satisfying the smallness condition (|1.7[) . set u^ 1 = and 
let vt°> solve the Cauchy problem (|1.2p with F = 0. We iteratively define u^ k \ for 
k > 1) by solving 

((d? - A g )uW{t,x) = Fpiu^-^i^x)) , (t,x) £ M.+ x K", 

|u(0,-) = t«o, 9 t u(0, •) = mi- 

Let s = s c — pe/(p — 1) = n/2 — 2/(p — 1) — pe/(p — 1), our aim is to show that if 
the constant S > in (|1.7|) is small enough, then so is 

M fe = £ (||W fe )|| LrH3nLp , s _ + ||3 t W fc )||^ s _ 1 ) 

a|<2 

for every fc = 0, 1, 2, . . . . Notice that since p c < p < 1 + 4/(n — 1), we can always 
choose e > small enough so that s E (1/2 — 1/p, 1/2). Note also that we have the 
identity 

(4.4) p(n/2 - (n+ l)/p-s - e) = -(n/2 - (1 - s)) . 

For k — 0, by (I4.3[) we have M < Co<5, with Co a fixed constant. More generally, 
(I4.3[) implies that 

(4.5) A4<C 0< 5 + C„ £ (|| i^-^+i-^^^-i))!!^ , (K+X ^ :|a:|>1}) 

|a|<2 

+ ||^( M ( fc - 1 ))|| , ). 

Recall that our assumption (|1.3p on the nonlinear term F p implies that for small 

v 

(4.6) e i^pWi < i«r x E i ZQy i + h p ~ 2 E i ZQu i 2 • 

M<2 |q|<2 |a|<l 

Since the collection Z contains vectors spanning the tangent space to S n , by 
Sobolev embedding we have 

Mr-)\\ LS ,+ E \\Z a v(r-)\\ Lt < E \\Z a v(v)\\ Ll . 

\a\<l \a\<2 
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Consequently, for fixed t, r > 

E \\Z«F p {u^\t,v))\\ Ll < \\Z a u^(t,r-)\\ P Ll . 

\a\<2 \a\<2 

By (|4.4p . the first summand in the right side of (|4.5|) is dominated by CiM^_ 1 for 
small u^ 1 ^ . 

Since q[_ s < 2 < q s , p > 2 and n < 4, we can choose r\ > small enough such 
that p,q s > 2 + 1] and so W 2 ' 2+n C if 1 C L 4 . Thus, for each fixed t, we have 

y \\z a FJu {k - i) (t,-))\\ q , 

q|<2 

~ II" ll£°°(x:|x|<l)l^ U ^ 'M-»(x : |x|<l) 

ct|<2 

|q|<2 

+ E ll« (fc - 1) ll^(x:H<2)ll^« (fc - 1) (*.-)llL.(x:|»|< 2 ) 
|a|<2 

< e ii^ ( ^ 1) (v)iii, 3(k:N < 1) + 

|a|<2 

E iiixi"/ 2 -^ 1 )/^- 'zw-vq, -)\\ p lv 

|/3|<2 



,L 2 +«(\x\>l) 



The second summand in the right side of (|4.5[) is thus also dominated by CiM p _ 1 , 
and we conclude that M k < C Q 5 + 2C Q C 1 M P _ 1 . Then 

(4.7) M k <2C 6, k= 1,2,3,... . 

for (5 > sufficiently small. Moreover, the smallness condition of (|4.6[) is verified 
for sufficiently small S > 0, since 

ll« (k) lk|- <M fc . 

To finish the proof of Theorem ll.il we need only to show that converges to 
a solution of the equation (jl.2|) . For this it suffices to show that 



A* = ||uW-t 1 {*- 1 )| 



tends geometrically to zero as fc —> oo. Since |i^,(i>) — i^ p (w) | < |u — w\( | u I 33 1 + 
|w| p— 1 ), the proof of (|4.7p can be adapted to show that, for small S > 0, there is a 
uniform constant C so that 



A fc <CMfc_i(M fc _i+Af fc _ 2 



ijj-i 



which, by (|4.7[) , implies that j4fc < |j4fe_i for small <5. Since Ai is finite, the claim 
follows, which finishes the proof of Theorem ll.il 
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4.2. Local Results when n = 3. In this subsection we prove Theorem 11.21 Let 
2<p<p c = l + v2 and n — 3. 

Define s = S4 = 1/2 — 1/p, and a be the number such that 

p [(n - l)(l/2 - 1/p) - a] = 1 - s - n/2 , 

i.e., a = -1/p 2 — (n - l)/(2p) + (n - l)/2. Since 2 < p < p c , we have a G (0, 1/p). 
By the estimates (|l.lip . (|1.12[) and Duhamel's principle, we have for T > 1 

X! (lll a:: | ( ™ _1)(1/2_1/P)_a2 ' Qu IU?LPL2 ([0,T]x{|x|>l}) + ||^° ! w||if£«*([0,r]x{|i|<l})J 
|o|<2 

< Tl/p _ a+e ^ (llZ-tiollA. + II^H^ + II^FII^.-,) 

|a|<2 

(4.8) < T Vp-+< J2 (\\Z a u \\^ + ll^ill^ + \\Z a F\\ Llx ,_^ x ) . 

\a\<2 

Now if we set 

(4.9) M k = (\\Z a u«X ?A . + \\d t Z a uW\\ LTA .- 1 ) 

\a\<2 

+T a-l/ P -e (|| |^1 (- Va-^/p^^n if i? ^ ([o x] x { |:C | >1}) + || ^ a U |U f ^ ([0)T] x {!:C |<1 }) ) , 

M<2 

then on the basis of and (|4.8|) , we can use the iteration method (with 77 = 0) 

as in Section 4.1 to get the existence result for 2 < p < p c and p > 2 in Theorem 
fT2l 

Hcuristically, the lifespan is given when we have 

M k ~ (rZ /p - a+t M k ) P ~6 , 

which yields that 

T s ^ ,5(p(p-i))/(p 2 -2p-i)+e^ y e ' > . 

The case p > 1 can be proved by the same argument in |17| combined with 
Theorem 11.41 
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